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Abstract: We compare and contrast the properties of the bivariate Weibull
and GTDL regression survival models. An analytic expression for the correlation
between times is derived for the Weibull model and a modified Kullback-Leibler
distance is proposed for measuring the dependence between times in both models.
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1 Introduction
The Weibull model has the Proportional Hazards (PH) property. The Gen-
eralised time-dependent logistic model (GTDL), proposed by MacKenzie
(1996) is a wholly parametric competitor that can deal with non-PH data.
In the univariate time framework, these models were compared by Blago-
jevic at IWSM in 2003. A cluster is a group of objects sharing a common
unobserved characteristic called a frailty. We assume that within the ith.
bivariate cluster, there is only one unobserved frailty, ui and that the unob-
served frailties follow a common distribution across clusters, ie, U ∼ g(u; ·).
If the frailty term, ui, were known, the observed bivariate times (t1i, t2i)
would be independent, whence f(t1, t2) = f(t1)f(t2), Hougaard(2000). We
further assume that this random frailty effect acts multiplicatively on the
hazard functions in the ith. cluster.
2 Bivariate Weibull Model
For the jth. object in the ith bivariate cluster, the Weibull frailty hazard
function is:
λ(tij ;ui, θ) = uiρλρ(t
ρ−1
ij ) exp(x
′
ijβ),
where θ = (λ, ρ, β); i = 1, . . . , n; j = 1, 2.
The corresponding survivor function is:
S(tij ;ui, θ) = exp{−ui
(
tρij
)
λρ exp(x′ijβ).
2 Bivariate Survival Models
The bivariate density of ti1 and ti2, inclusive of frailty, is given by:
f(ti1ti2;ui, θ) = λ(ti1, ti2;ui, θ)S(ti1, ti2;ui, θ); i = 1, . . . , n;
= (uiρλρ)
2 (ti1ti2)ρ−1 exp{x′i1 + x′i2)β} ×
exp [−ui(tρi1 + tρi2)λρ exp{(x′i1 + x′i2)β}] .
The frailty density in the ith. cluster is given by:
g(ui;σ2) =
u
1
σ2
−1
i exp
(−ui
σ2
)
Γ
(
1
σ2
)
(σ2)
1
σ2
.
This gamma frailty model has shape and scale parameters both equal to
1
σ2 . The expected value of the random effects is E(U) =
1
σ2 /
1
σ2 = 1 and the
variance is var(U) = 1σ2 /(
1
σ2 )
2 = σ2. This model was suggested by Clayton
for the analysis of correlation between clustered survival times in genetic
epidemiology.
2.1 Marginal Functions
The marginal bivariate Weibull density function of t1 = ti1, and t2 = ti2, for
i = 1, . . . , n is found by integrating the bivariate density over the random
effects, u = u1, . . . , un, and is given by:
fm(t1, t2; θ) =
∫ ∞
0
g(u;σ2)f(t1, t2, u)du
= (1 + σ2)(ρλρ)2 exp(x′1β + x
′
2β)t
ρ−1
1 t
ρ−1
2 ×
{
σ2 exp(x′1β + x
′
2β)λ
ρ (tρ1 + t
ρ
2) + 1
}−(2+ 1
σ2 ) .
The marginal bivariate survival function is obtained from the marginal joint
density as follows:
Sm(t1, t2; θ) =
∫ ∞
t1
∫ ∞
t2
fm(t1, t2; θ)dt2dt1
=
{
(tρ1 + t
ρ
2) exp(x
′
1β + x
′
2β)λ
ρσ2 + 1
}− 1
σ2 .
The marginal bivariate hazard function is given by:
λm(t1, t2; θ) =
(1 + σ2)(ρλρ)2 exp(x′1β + x
′
2β)t
ρ−1
1 t
ρ−1
2
{(tρ1 + tρ2) exp(x′1β + x′2β)λρσ2 + 1}2
.
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2.2 Correlation between times
By calculating the first and second moments of T1 and T2, we can evalu-
ate the correlation between the two random variables as a function of the
parameters. Then the correlation between T1 and T2 is:
corr(T1T2) =
{
Γ
(
1 + 1ρ
)}2 [
Γ
(
1
σ2 − 2ρ
)
− {Γ(
1
σ2
− 1ρ )}2
Γ( 1
σ2 )
]
Γ
(
1 + 2ρ
)
Γ
(
1
σ2 − 2ρ
)
− {Γ(1+
1
ρ )}2{Γ( 1σ2− 1ρ )}2
Γ( 1
σ2 )
. (1)
The correlation function depends only on the shape parameter, ρ, and the
frailty variance, σ2. It is independent of the scale parameter, λ, and the β
parameters of fixed effects.
In Figure 1, it can be seen, without recourse to simulation, that higher
correlation is recorded at lower values of ρ and higher values of σ2, with
variations in the latter having the more potent effect on correlation.
Correlation in Weibull Frailty Model
ρ [2.6 : 10]σ
2
 [0.25 : 1.25]
C[0:1]
FIGURE 1. Correlation, C, as a function of
frailty variance, σ2, and of shape parameter,
ρ.
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3 Bivariate GTDL Model
For the jth. object in the ith bivariate cluster, the GTDL frailty hazard
function is:
λ(tij ;ui, θ) = λ0uipij ,
where pij = exp(tijα + x′ijβ){1 + exp(tijα + x′ijβ)}−1, θ = (λ0 > 0, α, β),
i = 1, . . . , n, and j = 1, 2.
The corresponding survivor function is:
S(tij ;ui, θ) = (qijgij)
uiλ0
α ,
where qij = {1 + exp(tijα+ x′ijβ)}−1, and gij = 1 + exp(x′ijβ).
The bivariate density of ti1 and ti2, inclusive of frailty, is given by:
f(ti1ti2;ui, θ) = (uiλ0)
2
pi1pi2 (gi1gi2qi1qi2)
uiλ0
α .
3.1 Marginal Functions
The marginal bivariate GTDL density function of t1 = ti1, and t2 = ti2, for
i = 1, . . . , n is found by integrating the bivariate density over the random
effects, u = u1, . . . , un, and is given by:
fm(t1, t2; θ) =
∫ ∞
0
g(u;σ2)f(t1t2;u, θ)du
=
∫ ∞
0
u
1
σ2
−1 exp
(−u
σ2
)
Γ
(
1
σ2
)
(σ2)
1
σ2
(uλ0)
2
p1p2 (g1g2q1q2)
uλ0
α du
= λ02(1 + σ2)p1p2
{
1− λ0σ
2
α
log (g1g2q1q2)
}−(2+ 1
σ2 )
.
The marginal bivariate survival function is obtained from:
Sm(t1, t2; θ) =
∫ ∞
t1
∫ ∞
t2
fm(t1, t2; θ)dt1dt2
=
{
1− λ0σ
2
α
log (g1g2q1q2)
}− 1
σ2
.
The marginal bivariate hazard function is given by:
λm(t1, t2; θ) =
λ20(1 + σ
2)p1p2{
1− λ0σ2α log (g1g2q1q2)
}2 .
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It is not possible to find the moments in closed form in the bivariate GTDL
frailty model and thus the correlation function cannot be obtained analyt-
ically.
4 Dependence
The dependence between times can be measured by a modified Kullback-
Leibler (KL) divergence, i.e.:
KL = log
{ ∏n
i=1 fm(ti1, ti2)∏n
i=1 fm(ti1)fm(ti2)
}
=
n∑
i=1
log{fm(ti1, ti2)} −
n∑
i=1
log{fm(ti1)fm(ti2)}.
If times are independent, the KL is close to log(1) = 0, while higher values
are indicative of dependence between times. Using simulation, we show that
this result holds for both the bivariate Weibull and GTDL models. While
the analytical correlation in the case of the Weibull model is dependent on
ρ and σ2, the KL value in both models is dependent only on σ2. We also
show that these analytical correlation results hold asymptotically with the
Pearson correlation coefficient.
5 Discussion
The developments above allow us to have PH and non-PH models for bivari-
ate processes and to conduct a number of different types of theoretical and
applied comparisons analytically and by simulation. One important area is
the nature of the correlation structure supported by the two models. This
is relatively easily deduced analytically in the Weibull case, but simulation
is required in the GTDL case. In the main paper we will illustrate our
findings in more detail.
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